The Fibonacci cube n is the graph whose vertices are binary strings of length n without two consecutive 1's and two vertices are adjacent when their Hamming distance is exactly 1. If the binary strings do not contain two consecutive 1's nor a 1 in the ÿrst and in the last position, we obtain the Lucas cube Ln. We prove that the observability of n and Ln is n, where the observability of a graph G is the minimum number of colors to be assigned to the edges of G so that the coloring is proper and the vertices are distinguished by their color sets.
Introduction
A Fibonacci string of order n is a binary string of length n without two consecutive ones. Let and ÿ be binary strings; then ÿ denotes the string obtained by concatenating and ÿ. More generally, if S is a set of strings, then Sÿ = { ÿ: ∈ S}.
If C n denotes the set of the Fibonacci strings of order n, then C n+2 = 0C n+1 + 10C n and |C n | = F n , where F n is the nth Fibonacci number. Recall that the Fibonacci numbers form a sequence of positive integers F n , where F 0 = 1; F 1 = 2 and every other integer satisÿes the recursion F n+2 = F n+1 + F n .
The Fibonacci cube n of order n is the graph whose vertices are the Fibonacci strings of length n and two vertices are adjacent if their Hamming distance is exactly 1, that is if they di er in just one position.
In [4] the Fibonacci cube was introduced as a new topology for the interconnection of multiprocessors, alternative to the classical one, namely the Boolean cube Q n , the graph deÿned recursively as Cartesian product of Q n−1 and K 2 for n¿1 and Q 0 = K 1 . The vertices of Q n can be represented as binary strings of length n and two vertices are joined by an edge if they di er at exactly one position. In [5] some structural and enumerative properties of the Fibonacci cube have been found.
In a similar way, we can deÿne a Lucas string as a binary string without either two consecutive 1's or a 1 in the ÿrst and in the last position.
IfĈ n denotes the set of Lucas strings of length n, thenĈ n = 0C n−1 + 10C n−3 0, and |Ĉ n | = L n , the Lucas number of order n. These numbers form a sequence of positive integers, satisfying the recursion
A Lucas cube, L n , of order n is the graph whose vertices are the Lucas strings of length n and two vertices are adjacent if their Hamming distance is exactly 1. Thus L n is embedded in n , while n is embedded in Q n . Since Q n is bipartite, L n and Q n are both bipartite.
Let G be an undirected simple graph. An edge coloring of G is proper if any two adjacent edges receive di erent colors and is vertex-distinguishing if distinct vertices are assigned distinct color sets, where the color set of a vertex v is the set of colors assigned to the edges incident to v.
The observability of G, denoted by obs(G), is the minimum number of colors to be assigned to the edges of G so that the coloring is proper and vertex-distinguishing [1] . An obs-coloring of G is a proper, vertex distinguishing edge coloring of G; if it uses n colors, it is an n-obs-coloring of G.
It follows that obs(G)¿ (G), where (G) is the chromatic index of G, and also obs(G)¿ (G), where (G) is the maximum degree of G.
From the deÿnition it follows that ( n ) = (L n ) = n; then, as the chromatic index of a bipartite graph coincides with the maximum degree,
The aim of this paper is to prove that obs( n ) = obs(L n ) = n for n¿4, thus obtaining an inÿnite family of graphs having the least possible observability, coinciding with the chromatic index.
In Fig. 1 an example of n-obs-coloring of n is presented for n = 4; 5.
The observability of a graph G represents a natural complement of the notion of point-distinguishing chromatic index of G, denoted by 0 (G), which turns out to be the minimum number of colors assignable to the edges of G so that the vertices are distinguished by their color sets.
Finally, we determine the point-distinguishing chromatic index of the boolean cube Q n in a way di erent and shorter from that published in [2] . 
Observability of the Fibonacci cube
Let us assume a i ∈ {0; 1} for i = 1; : : : ; h; the subgraph induced by a 1 a 2 : : : a h C n−h is clearly isomorphic to n−h .
By repeating a suitable number of times the decomposition
where m¿2 we obtain C n = 0000C n−4 + 00010C n−5 + 0010C n−4 + 0100C n−4
The relations among all the subgraphs induced by these subsets is represented in the diagram of Fig. 2 where v i ; 16i63, denote the subgraphs whose sets of vertices are 10010C n−5 ; 00010C n−5 and 01010C n−5 , respectively, while w i ; 16i65, denote the subgraphs whose sets of vertices are 1000C n−4 ; 0000C n−4 ; 0100C n−4 ; 1010C n−4 and 0010C n−4 , respectively. An edge in the graph of Fig. 2 denotes all the edges connecting the corresponding subgraphs.
In particular using the relation C n−4 = 0C n−5 + 10C n−6 , the subgraph w i ; 16i63, can be decomposed into the subgraphs w i1 ; w i2 isomorphic to n−5 and n−6 , respectively. Thus every vertex of v i is adjacent to exactly one vertex of w i1 , while it is not adjacent to any vertex of w i2 .
We have also assigned to 4 of Fig. 2 the obs-coloring of Fig. 1 . Case n = 6. The vertices w i isomorphic to 2 have been assigned the 2-obs coloring of Fig. 3 which uses two more colors than the coloring .
Assign to the edges of 6 one of the 6 colors 1; 2; 3; 4; a; b, as in Fig. 4 , thus obtaining a 6-obs-coloring of 6 . Case n = 7. Assign the vertices v i of the graph in Fig. 2 the obs-coloring of Fig. 3 and to the subgraphs, isomorphic to 3 , represented by the vertices w i ; 16i65, the coloring A of Fig. 5 where x is 4; a; a; 2 in w 1 ; w 2 ; w 3 ; w 5 , respectively, while w 4 is assigned the coloring B of the same ÿgure. In the same ÿgures, we have also assigned to the vertices suitable strings from the decomposition C 3 = 0C 2 + 10C 1 .
We obtain a 7-obs-coloring of 7 having the distinct color sets: Theorem 2.1. The observability of n is n, for n¿4.
Proof. We have only to prove that obs( n )6n. The proof is by induction on n.
The result is true for n = 4; 5; 6; 7; assuming the result true for any m; 46m¡n with n¿8, we prove it for n.
By the induction hypothesis there exist obs-colorings and ÿ of n−4 and n−5 , respectively, using n − 4 colors. We have to point out that, because obs( 3 ) = 4 ( Fig. 5A ) also in the case of n = 8 we use n − 4 colors. Consider the decomposition of n of Fig. 2 and assign to the subgraphs of n represented by the vertices in Fig. 2 the obs-colorings and ÿ depending on whether they are isomorphic to n−4 or n−5 . Moreover, assign to the edges represented by an edge of the graph 4 of Fig. 2 the color given by the coloring of Fig. 1 , which uses 4 new colors.
The vertices of v 1 ; v 2 ; v 3 are assigned the sets of colors {1; 3}; {1; 3; 4}; {3; 4}, respectively. The set of vertices of w 1 ; 1000C n−4 , can be decomposed into 10000C n−5 and 100010C n−6 and the induced subgraphs are w 11 and w 12 . The vertices of w 11 are assigned the set {1; 2; 3}, because every vertex of this set is adjacent to a vertex of v 1 ; w 2 ; w 4 . On the other hand, every vertex of w 12 is adjacent to a vertex of w 2 and w 4 , but not v 1 , thus it is assigned the color set {2; 3}. Fig. 6 shows this decomposition. The vertices of w 21 are assigned {1; 2; 3; 4} while the vertices of w 22 have {2; 3; 4}, because the adjacency with v 2 is lost. In a similar way, w 31 and w 32 are assigned {2; 3} and {2}.
It follows that all the color sets are distinct with the exception of those of w 31 and w 12 . However, they correspond to disjoint subgraphs of n−4 , thus their vertices are distinguished by .
To summarize, the vertices of the same subgraph corresponding to the vertices of 4 in Fig. 2 are distinguished by or ÿ, while vertices of distinct subgraphs are distinguished by , with the exception of w 31 and w 12 which are distinguished by . Note that w 11 and w 31 are isomorphic, but they have been assigned di erent color sets by .
Hence we have obtained an obs-coloring of n which uses n − 4 + 4 = n colors.
Observability of the Lucas cube
The Lucas cube L n is obtained from the Fibonacci cube n by deleting all the vertices represented by strings having a 1 in the ÿrst and in the last position.
In Fig. 7 we have Lucas cubes L n 26n65, together with optimal obs-coloring. In the decomposition of n of Fig. 2 the set of vertices of v 1 has the partition 10010C n−5 = 10010(C n−6 0 + C n−7 01):
This implies the subgraph v 1 can be decomposed into two subgraphs v 11 and v 12 having 10010C n−6 0 and 10010C n−7 01 as sets of vertices, isomorphic to n−6 and n−7 , respectively.
In a similar way, we have the decomposition w 1 =ŵ 11 +ŵ 12 , whose sets of vertices are 1000C n−5 0; 1000C n−6 01, respectively and w 4 = w 41 +w 42 , where the sets of vertices are 1010C n−5 0 and 1010C n−6 01.
Thus in the decomposition of Fig. 2 we have to delete all the vertices of the subgraphs v 12 ;ŵ 12 ; w 42 ; moreover, we have to change the coloring in another coloring, which we denote by . Note that the subgraph H induced by the vertices of v 11 and w 11 , that is the vertices given by the strings 10010C n−6 0 + 1000C n−5 0 = 100(10C n−6 + 0C n−5 )0 = 100C n−4 0; is isomorphic to n−4 .
We obtain the decomposition of L n in Fig. 8 , where the dotted line means that v 11 andŵ 11 have to be considered as vertices of a unique subgraph H , isomorphic to n−4 . Case n = 6. An obs-coloring of L 6 is obtained from the obs-coloring of 6 given in Fig. 4 by deleting the vertices distinguished by the color sets {1; 2; 4}; {1; 2; 3; a}; {1; 2; a} and keeping the colors assigned to other unchanged edges.
Case n = 7. We obtain a 7-obs-coloring of L 7 from the 7-obs-coloring of 7 , given above, after deleting the vertices of 7 distinguished by the color sets {1; 3; a}; {1; 2; 3; a; b}; {2; 3; 4; b}; {1; 2; 4; a}; {1; 2; 3; 4} and replacing by c the color 1 of the edges which connect the subgraphs which are assigned the color sets {1; 3; b}; {1; 2; 3; b}.
Theorem 3.1. The observability of the Lucas cube L n is n, for n¿2.
Proof. We have to prove that obs(L n ) 6 n. The proof is by induction on n. The result is true for 26n67. Assuming the result true for any m; 46m¡n, with n¿8, we prove it for n.
The subgraph H and the vertices of the graph of Fig. 8 are isomorphic to n−4 or n−5 . By assumption they admit obs-colorings or ÿ which use n − 4 colors. Assign to the edges of the graph of Fig. 8 the coloring which uses 4 new colors.
The vertices of v 11 ;ŵ 11 ; v 3 are assigned the color sets {3}; {1; 3} and {3; 4}, respectively. The set of vertices of v 2 ; 00010C n−5 , can be decomposed into disjoint subsets 00010C n−6 0 and 00010C n−7 01.
The coloring assigns the color set {1; 3; 4} to the vertices of the ÿrst subset and {1; 4}, to those of the second one. Indeed, the vertices of the second subset have lost the adjacency with the corresponding subset of vertices of v 1 and the color set has lost the color 3.
The set of vertices of w 2 can be decomposed into four disjoint subsets as long as we partition w 2 into w 21 and w 22 having as sets of vertices 00000C n−5 and 000010C n−6 or partitionŵ 21 ;ŵ 22 , whose sets of vertices are 0000C n−5 0 and 0000C n−6 01: Thus, we obtain four subsets s 1 = w 21 ∩ŵ 21 ; s 2 = w 21 ∩ŵ 22 ; s 3 = w 22 ∩ŵ 21 ; s 4 = w 22 ∩ŵ 22 . The vertices of s 1 are adjacent to vertices of v 2 ; w 3 ; w 5 andŵ 11 , thus they are assigned the color set {1; 2; 3; 4}. The vertices of s 2 have lost the adjacency with w 1 and are assigned {1; 2; 4}. The vertices of s 3 are not adjacent to vertices of v 2 , so they are assigned {2; 3; 4}. Finally, the vertices of s 4 are not adjacent to vertices of v 2 and w 1 , thus they are assigned {2; 4}.
The vertices of w 3 are decomposed into w 31 and w 32 , which are assigned {2; 3} and {2}; the structure of the latter set corresponds to the fact that the vertices of w 32 are not adjacent to v 3 : the vertices of w 41 are assigned {1; 2}.
Moreover, the set of vertices of w 5 ; 00010C n−4 , is decomposed into w 51 and w 52 having 0010C n−5 0 and 0010C n−6 01 as sets of vertices which are assigned {2; 4} and {4}, respectively. The last set is obtained because the vertices of w 52 have lost the adjacency with w 4 .
Thus, we have proved that color sets are all distinct except for s 4 and w 51 . However, those color sets correspond to disjoint subsets of n−4 and are distinguished by . Thus, in this coloring, which uses n − 4 + 4 = n colors, the vertices of the same subgraph are distinguished by or ÿ, while vertices of distinct subgraphs are distinguished by the sets of colors obtained from . This completes the proof.
The vertex-distinguishing chromatic index of Q n
Clearly 0 (Q n )¿n + 1. Indeed, as the number of vertices of Q n is 2 n , using n colors only two vertices must have the same color set. Now consider the decomposition of Q n of Fig. 9 where the vertices represent subgraphs, isomorphic to Q n−2 , whose vertices are binary strings having the ÿrst two elements 00; 01; 11; 10 respectively. Proposition 4.1. 0 (Q n ) = n + 1 for n¿2:
Proof. By the above remark, we have only to prove 0 (Q n )6n+1. We proceed by induction on n. The statement is clearly true for n = 2; 3. Let be a vertex-distinguishing coloring of Q n−2 which uses n−1 colors, by assumption, and let a; b be two new colors.
Assign color a to all the edges between z 1 ; z 2 and the color b to all the edges between z 2 ; z 3 . Let v 1 be a vertex of z 1 and v 2 ; v 3 ; v 4 the vertices corresponding to v 1 in z 2 ; z 3 ; z 4 . Let I be the color set of v 1 in the coloring ; color the edges v 3 v 4 and v 4 v 1 by arbitrary elements of I . The color sets of the vertices v i , 16i64 are {I ∪ {a}}, {I ∪ {a; b}}; {I ∪ {b}} and I .
We obtain a vertex-distinguishing coloring of Q n which uses n + 1 colors.
The value of obs(Q n ) equals to 4 for n = 2 and to n + 3 for n = 3; 4; 5 [3] . In the same paper the following asymptotic formula has been obtained: for n large enough obs(Q n ) ≈ (1 + q * ) · n, where q * = 0:293 : : : Moreover, to prove the conjectured inequality obs(Q n )6obs(Q n+1 ) for any n¿2 remains to be an open problem.
